Abstract. Let B(n, g) be the class of bicyclic graphs on n vertices with girth g. In this paper, the graphs in B(n, g) with the largest signless Laplacian spectral radius are characterized.
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For a connected graph G, it is well known that Q(G) is a positive semidefinite matrix, that is, all its eigenvalues are nonnegative. Furthermore, by the PerronFrobeniuns Theorem, the largest eigenvalue µ(G) of Q(G) is simple and there is a unique positive unit eigenvector X = (X(v 1 ), . . . , X(v n ))
T . We shall refer to such an eigenvector as the Perron vector of Q(G).
Let B(n, g) be the class of bicyclic graphs on n vertices with girth g. In this paper, we study the signless Laplacian spectral radius and determine the graph with the largest signless Laplacian spectral radius in B(n, g).
Preliminaries.
In this section, we list some known results which will be used in this paper.
Let G be a connected graph, and uv ∈ E(G). The graph G u,v is obtained from G by subdividing the edge uv, i.e., adding a new vertex w and edges wu, wv in G − uv. Hoffman and Smith [8] define an internal path of G as a walk u 0 u 1 · · · u s (s ≥ 1) such that the vertices u 0 , u 1 , . . . , u s−1 are distinct, d(u 0 ) > 2, d(u s ) > 2, and d(u i ) = 2, whenever 0 < i < s. An internal path is closed if u 0 = u s .
Lemma 2.1. [9, 10] Let G be a connected graph and uv be an edge on an internal path of G. Then µ(G u,v ) < µ(G).
Lemma 2.2. [11]
Let G be a connected graph. Suppose u 1 and u 2 are vertices each of degree at least three and u 1 u 2 is an edge of G. Let G ′ be the connected graph obtained from G by contracting u 1 u 2 (i.e., deleting the edge and identifying u 1 and u 2 ). Then µ(G) < µ(G ′ ).
Lemma 2.3.
[11] Let G be a connected graph and P be a pendant path in G. Suppose e is an edge in P and G ′ is the graph obtained from G by subdividing e.
Lemma 2.4.
[11] Let G be a connected graph of order n and S, T be nonempty vertex subsets. Suppose S = {u 1 , u 2 , . . . , u s } and the neighbors of
T be the Perron vector of Q(G), where X(v k ) corresponds to the vertex v k (1 ≤ k ≤ n). Suppose X(u 1 ) = max{X(u i ) : i = 1, 2, . . . , s}. Let H be the graph obtained from G by deleting edges u i u ij and adding the edges u 1 u ij (i = 2, 3, . . . , s, j = 1, 2, . . . , l i ). Then
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Lemma 2.5. [12] Let G be a graph on n vertices with at least one edge and the maximum degree of G be △. Then µ(G) ≥ △ + 1. The equality holds if and only if G is a star.
The equality holds if and only if G is regular or semiregular bipartite.
Lemma 2.7.
[13] For a connected graph G,
where
Lemma 2.8.
[5] Let G be a graph with maximal signless Laplacian spectral radius among connected bicyclic graph, then G is the graph obtained from S n by adding two adjacent edges.
Main results.
In this section, we first consider how the signless Laplacian spectral radius behaves when the graph is perturbed. Then we characterize the graph with the largest signless Laplacian spectral radius in B(n, g). Fig. 3.1 . The graphs G 1 and G 2 . 
Proof. Let R be the vertex-edge incidence matrix of G 1 . Since X is the Perron vector of Q(G 1 ), then
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Obviously, E(
. We always assume that in graph GvS l , v is identified with the center of the star S l in GvS l . Lemma 3.2. Let H be a graph and T l = S l be a tree of order l with
Proof. Since T l = S l , it follows that l ≥ 3.
, deleting the edges vu i (i = 1, . . . , s), and adding the edges u i v r , i = 1, . . . , s, denote the resulted graph by G 0 , by Lemma 2.4, µ(G 0 ) > µ(HvT l ). Let G 1 be the graph obtained H by attaching two pendant paths First, contracting all internal paths in T l , and path 
Let G be a bicyclic graph. The base of G, denoted by B(G), is the minimal bicyclic subgraph of G. Obviously, B(G) is the unique bicyclic subgraph of G containing no pendant vertex, and G can be obtained from B(G) by planting trees to some vertices of B(G). It is well known that bicyclic graphs have the following two types of bases (as shown in Figure 3. 2):
Let B(p, l, q) be the graph obtained by joining a new path v 1 v 2 · · · v l between two cycles C p and C q , where v 1 ∈ V (C p ) and v l ∈ V (C q ). Let also P (p, q, r) be the bicyclic graph consisting of three pairwise internal disjoint paths P p+1 , P q+1 , P r+1 with common endpoints u, v. Now we can define the following two classes of bicyclic graphs on n vertices with a given girth g:
B 2 (n, g) = {G ∈ B(n, g)|B(G) = P (p, q, r) for some 1 ≤ p ≤ q ≤ r and
Then B(n, g) = B 1 (n, g) ∪ B 2 (n, g). Proof. Note that G * can be obtained from B(G * ) by attaching trees to some vertices of B(G * ). By Lemma 3.2, these trees must be stars, since G * is the extremal graph. Let {v 1 , . . . , v t } be the set of centers of these stars and X be the Perron vector of Q(G * ). Set V i = {v i1 , v i2 , . . . , v iri } be the set of pendent vertices which are adjacent to v i , i = 1, 2, . . . , t. If t ≥ 2, without loss of generality, let X(v 1 ) = max{X(v i )|1 ≤ i ≤ t}, then by Lemma 2.4,
a contradiction. Thus, t = 1. This completes the proof.
Theorem 3.4. Let G * have the maximal signless Laplacian spectral radius among all graphs in B 1 (n, g).
Suppose l ≥ 2 and
). Let X be the Perron vector of Q(G * ). Without loss of generality, let X(v 1 ) ≥ X(v l ). By Lemma 2.4, we have
By Lemma 3.3, G * is obtained from B(G * ) by attaching some pendant edges (if any) to a unique vertex v * . If v * = v 1 , comparing X(v * ) and X(v 1 ), we can similar find a graph in B 1 (n, g) which has larger signless Laplacian spectral radius than G * . Hence, v * = v 1 .
Let k = n − g − p + 1. If p ≥ g + 1, then n ≥ 2g and k ≤ n − 2g. By Lemma 2.6, we have
k+4 , then f (k) is increasing with nonnegative number k. Thus, However, by Lemma 2.5, µ( B(g, 1, g)v 1 S n−2g+2 ) ≥ △ + 1 = n − 2g + 6 > µ(G * ), a contradiction. So p = g.
Lemma 3.5. Let G * have the maximal signless Laplacian spectral radius among all graphs in B 2 (n, g).
Obviously, n ≥ (p + q + r) − 1 and
.
Case 2.1. g = 3. Then G * is obtained from P (1, 2, 2) by attaching a pendant edge to a vertex of P (1, 2, 2) or G * ∼ = P (1, 2, 3) . By direct calculation, we have
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Then B(G * ) ∼ = P (2, 2, 2).
Case 2.3. g = 5. Then G * is obtained from P (2, 3, 3) by attaching a pendant edge to a vertex of P (2, 3, 3) or G * ∈ {P (1, 4, 4), P (2, 3, 4)}. By direct calculation, we have µ(P (2, 3, 3 )vS 2 ) = 5.3552, µ(P (1, 4, 4) ) = 4.9032, µ(P (2, 3, 4) 
by attaching a pendant edge to a vertex of
And by Lemma 2.5, we have
. 
It is easy to see that max{d x + m x |x ∈ V (G * )} attains the maximum just when p = 1 and k pendent edges of G * are incident to a 3−degree vertex of P (p, q, r). In this case, by Lemma 2.6, we have
k+3 is increasing with nonnegative number k. However, by Lemma 2.5,
Theorem 3.6. Let G * have the maximal signless Laplacian spectral radius among all graphs in B 2 (n, g), n ≥ g + ⌈ Proof. Let k = n − g − ⌈ g 2 ⌉ + 1. By Lemma 3.3 and Lemma 3.5, we know that G * is obtained from
by attaching k pendant edges to a unique vertex w.
Case 2. k = 1.
Case 2.1. g = 3. Let A 1 be the graph obtained from P (1, 2, 2) by attaching a pendant edge to a 2-degree vertex of P (1, 2, 2). Since B 2 (5, 3) = {A 1 , P (1, 2, 2)vS 2 , P (1, 2, 3)}, by Lemma 3.5, we have
By direct calculation, we have
Case 2.2. g = 4. Let A 2 be the graph obtained from P (2, 2, 2) by attaching a pendant edge to a 2-degree vertex of P (2, 2, 2). Since B 2 (6, 4) = {A 2 , P (2, 2, 2)vS 2 , P (1, 3, 3), P (2, 2, 3)}, by Lemma 3.5, we have
By direct calculation, we have µ(A 2 ) = 5.2361, µ(P (2, 2, 2)vS 2 ) = 5.5141. 
. It is easy to see that w cannot be simultaneously adjacent to the two 3-degree vertices of P (⌊ g, 1, g )v 1 S n−2g+2 ) < n − 2g + 6 + 4 n − 2g + 5 ≤ n − 2g + 7, since in this case, n ≥ 2g − 1. But by Lemma 2.5, 
